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1. INTRODUCTION AND DEFINITIONS
It is well known that quite a few problems of applied mathematics lead
Ž . Žto integroparabolic equations i.p.e. of the Fredholm type for example,
w xproblems in modelling of populations 1 , motion of electrically charged
w x w x w xparticles 4, 11 , flow of a film of viscous liquid 3, 9 , and self-heating 10 ,
w x .and in theories of combustion and epidemics 15, p. 80 , etc. .
In recent years, the stability of linear i.p.e. of the Fredholm type has
been the object of intensive studies. Mainly, special types of time-invariant
Ž .linear and nonlinear equations and systems are considered, while only a
few works are devoted to stability of general integro-parabolic equations of
w xthe Fredholm type. The book by Pao 15 should be mentioned. In that
book, the exact comparison results are established for a wide class of
nonlinear i.p.e. of the Fredholm type with time-invariant linear parts.
In the present paper we have derived stability conditions for a class of
linear time-variant i.p.e. of the Fredholm type. Our main tool is of the
1 This research was supported by the Israel Ministry of Science and Technology.
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particular inner product, defined below, combined with spectral properties
of integral operators. The proposed approach allows us to reduce the
stability problem for i.p.e. to the stability analysis of ordinary integrodiffer-
ential equations of the Fredholm type or ordinary differential equations.
In addition, our results below generalize the Wazewski estimate from
w xthe theory of ordinary differential equations; cf. 2, 12 .
A few words about the contents. The present section is devoted to some
definitions. In Section 2 we formulate the basic Lemma 2.2. In Section 3
we introduce the partial inner product and prove Lemma 2.2. The main
object of our investigation}abstract integrodifferential equations}is in-
troduced in Section 4. Bounds for the spectrum of integral operators are
presented in Section 5. Section 6 is devoted to the stability analysis of
coupled systems of i.p.e.
Let v be a set with a positive finite measure m. For each x g v, let
Ž . Ž . Ž .H x be a Hilbert space with a scalar product ., . . By X s X v, mH Ž x .
denote the Hilbert space of all functions defined on v whose values for
Ž .each x g v are in H x and are equipped with the scalar product
² :¤ , w s ¤ x , w x dm x . 1.1Ž . Ž . Ž . Ž .Ž . Ž .X H H x
v
Ž Ž . Ž .. Ž . 2 Ž .So the scalar product h x , g x x g v is a function of L v .H Ž x . m
w x Ž . Ž . 2 w xEXAMPLE 1.1. Let v s 0, 1 , m x s x, H x ’ L 0, l , for each
w xx g 0, 1 .
2Žw x w x.Then we can take X s L 0, 1 = 0, l , and
l² : 2¤ , w s ¤ x , . , w x , . dxŽ . Ž .Ž . w xX H L 0, 1
0
l 1
s ¤ x , y w x , y dy dx ¤ , w g X .Ž . Ž . Ž .H H
0 0
EXAMPLE 1.2. Let X be an orthogonal sum of different Hilbert spaces
Ž . Ž .H k s 1, . . . , n with scalar products ., . .k Hk
We can take v s 1, 2, . . . , n, and
n
² :f , g s f , g .Ž .ÝX Hk k k
ks1
2w x 2Žw x n.In particular, if H ’ H s L 0, 1 , then X s L 0, 1 , C .k
Ž .Furthermore, for each t G 0, let A t be a linear closed operator acting
Ž Ž ..in X and having a dense domain D A t . Consider in X the equation
du t rdt s A t u t t ) 0 , 1.2Ž . Ž . Ž . Ž . Ž .Ž .
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with the initial condition
u 0 s u g D A 0 , 1.3Ž . Ž . Ž .Ž .0
where u is a given function.0
Ž . Ž . 1Žw . .A solution of problem 1.2 , 1.3 is a function u g C 0, ‘ , X with the
Ž . Ž Ž .. Ž . Ž . Ž .property u t g D A t t G 0 , satisfying 1.2 for all t ) 0 and 1.3 .
Below we will give conditions for solution existence.
Ž . Ž Ž ..Equation 1.2 is said to be stable, if for any u g D A 0 it has a0
Ž .solution u t and
u t F N u 0 t G 0 ,Ž . Ž . Ž .X X
Ž . Ž .with a constant N independent of u 0 . Equation 1.2 is asymptotically
Ž . 5 Ž .5stable if it is stable and any solution of 1.2 has the property u t “ 0X
as t “ ‘.
Ž . Ž Ž ..Equation 1.2 is said to be exponentially stable if for any u g D A 0 it0
Ž .has a solution u t and
yn tu t F Ne u 0 t G 0 ,Ž . Ž . Ž .X X
Ž .with positive constants N, n independent of u 0 .
2. PRELIMINARIES
Denote
w xM h x s h x , h x h g X .'Ž . Ž . Ž . Ž .Ž . Ž .H x
Ž . Ž .We will assume that there is a continuous function Q t t G 0 , whose
2 Ž .values are bounded linear operators in L v , such that the relationm
Re A t h x , h xŽ . Ž . Ž .Ž .Ž . Ž .H x
w x w xF M h x Q t M h x t G 0, h g D A t , x g vŽ . Ž . Ž . Ž .Ž . Ž .Ž .
2.1Ž .
holds.
2Žw x w x.EXAMPLE 2.1. Consider in the real space X s L 0, 1 = 0, l the
operator
› › w
A t w x , y s F x , y , tŽ . Ž . Ž .Ž .
› y › y
1
q K t , x , y , x w x , y dx w ., . g DŽ . Ž . Ž .Ž .H 1 1 1
0
2.2Ž .
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Ž .with 0 - y - l; 0 F x F 1; t ) 0 and
› 2 w x , yŽ .
D A t ’ D s w g X : g X : w x , 0 s w x , l s 0 .Ž . Ž . Ž .Ž . 2½ 5› y
2.3Ž .
Ž .Here F x, y, t is a real scalar-valued continuous function defined on
w x w x w .0, 1 = 0, l = 0, ‘ with the property
w x w xF x , y , t G m x ) 0 y g 0, l , x g 0, 1 ; t G 0 , 2.4Ž . Ž . Ž .Ž .
Ž .where m x is a scalar-valued continuous function. In addition, K is a
w . w x2 w xscalar-valued function defined on 0, ‘ = 0, 1 = 0, l with the property
w x w xK t , x , y , x F Q x , x x , x g 0, 1 ; y g 0, l , 2.5Ž . Ž . Ž .Ž .1 1 1 1
Ž .where Q x, x is an integrable scalar-valued function satisfying the1 1
Ž . Ž . Ž . Ž .conditions below. Clearly, A t s A t q A t , where A t is defined by0 1 0
› › w x , yŽ .
A t w x , y s F t , x , y w ., . g D ,Ž . Ž . Ž . Ž .Ž .Ž .0 › y › y
Ž .and A t is defined by1
1
A t u x , y s K t , x , y , x u x , y dx u g X .Ž . Ž . Ž . Ž . Ž .Ž . H1 1 1 1
0
w x 2w xFurthermore, doing for each x g 0, 1 the scalar product in Y s L 0, l ,
Ž .we have by 2.4
Re A t w x , . , w x , . F ym x w x , . , w x , .Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž . Ž .0 y yY Y
2F ym x prl w x , . , w x , . ,Ž . Ž . Ž . Ž .Ž . Y
2.6Ž .
Ž .2 2 2since prl is the smallest eigenvalue of the operator Sw ’ y› wr› y
Ž .defined on D. In addition, due to 2.5
1
Re A t w x , . , w x , . F Q x , x w x , . w x , . dx .Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž . H Y1 1 1 1 1YY
0
It is assumed that Q provides the boundedness of this integral operator.1
Ž . Ž .So 2.1 holds with the constant operator Q t s Q defined by
2Q¤ x ’ ym x prl ¤ xŽ . Ž . Ž . Ž . Ž .
1 2 w xq Q x , x ¤ x dx ¤ g L 0, 1 . 2.7Ž . Ž . Ž .Ž .H 1 1 1 1
0
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Furthermore, let us consider the equation
z t , x s Q t z t , x x g v , t G 0 , 2.8Ž . Ž . Ž . Ž . Ž .Ž .t
with the initial condition
z 0, x s z x x g v , 2.9Ž . Ž . Ž . Ž .0
2 Ž .where z g L v is a given scalar-valued function. A solution of problem0 m
Ž . Ž . 1Žw . 2 Ž .. Ž . Ž .2.8 , 2.9 is a function z g C 0, ‘ , L v satisfying 2.9 and 2.8 form
all t ) 0.
Recall that a linear operator A in a Hilbert space X is an m-dissipati¤e
Ž .one, if there is a positive constant c such that Range A y cI s X ; cf.
Ž .Tanabe, 1997 .
Ž . Ž .LEMMA 2.2. Under condition 2.1 , let operator A t be m-dissipati¤e in X
Ž .for each t G 0. In addition, let A t ha¤e in X a dense constant domain D and
Ž . Ž .be differentiable in t on D. Then for any u g D, problem 1.2 , 1.3 has a0
Ž .unique solution u t, x satisfying the inequality
u t , x F z t , x , 2.10Ž . Ž . Ž .Ž .H x
Ž . Ž . Ž .where z t, x is a solution of problem 2.8 , 2.9 with the initial function
Ž . 5 Ž .5z x s u x .H Ž x .0 0
The proof of this lemma is presented in the next section.
Ž .COROLLARY 2.3. Under the hypothesis of Lemma 2.2, Eq. 1.2 is
Ž . Ž . Žasymptotically, exponentially stable pro¤ided that Eq. 2.8 is asymptoti-
.cally, exponentially stable.
A linear bounded operator T in a Banach space Y will be called a
Ž .Hurwitz operator, if its spectrum s T is in the open left half-plane:
Ž . Ž .a T ’ sup Re s T - 0. Recall the representation
1 y1T t p te s e pI y T dp,Ž .H Y2p i C
Ž . w xwhere C is a smooth contour surrounding s T ; cf. 2, Sect. 1.4 . Due to
Ž .this representation, for any positive L - ya T , there is a constant c ,L
such that
5 T t 5 yL te F c e t G 0 .Ž .L
Ž .COROLLARY 2.4. Under the hypothesis of Lemma 2.2, let Q t s Q be a
Ž .constant Hurwitz operator. Then Eq. 1.2 is exponentially stable.
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3. PARTICULAR INNER PRODUCTS AND PROOF
OF LEMMA 2.2
w xOn X = X define the scalar-valued function P ., . by the equality
w xP ¤ , w x s ¤ x , w x ¤ , w g X , x g v . 3.1Ž . Ž . Ž . Ž . Ž .Ž . Ž .H x
w xClearly, P ., . has the properties:
Ž . w x w xa P w, ¤ s w x , ¤ x H Ž x . s P ¤ , w ,Ž . Ž .Ž .
Ž . w x w x w x Ž .b P a ¤ qb ¤ , w saP ¤ , w qbP ¤ , w a , bgC;¤ ,¤ gX ,1 2 1 2 1 2
Ž . w x w xc P ¤ , ¤ G 0 and P ¤ , ¤ s 0 iff ¤ s 0,
Ž .d
w x w x w x w xP ¤ , w P ¤ , w F P w , w P ¤ , ¤ ¤ , w g X . 3.2Ž . Ž .
w xŽ .These inequalities are understood for each x g v. That is, P ¤ , w x
w xŽ . w xŽ . w xŽ . w xP ¤ , w x F P w, w x P ¤ , ¤ x , etc. In the sequel we will call P s P ,., .
Ž . Ž .the particular inner product p.i. p. , and X s X v, m the space with the
p.i. p. P.
2Žw x w x.EXAMPLE 3.1. As in Example 1.1 take X s L 0, 1 = 0, l ; then the
function P defined by
w x 2P f , g x s f x , . , g x , .Ž . Ž . Ž .Ž . w xL 0, l
l
s f x , yŽ .H
0
w x= g x , y dy f , g g X , x g 0, 1 3.3Ž . Ž .Ž .
w xis a p.i.p. In this case, P f , g is a function of one variable.
EXAMPLE 3.2. As in Example 1.2, let X be an orthogonal sum of
Ž . Ž .different Hilbert spaces H k s 1, . . . , n with scalar products ., . .k Hk
Then the function P defined by
w xP f , g k s f , g withŽ . Ž . Hk k k
f s f g H , g s g g H k s 1, . . . , nŽ . Ž . Ž .k k k k
Ž .is a p.i.p. whose values are n-vectors with the coordinates f , g .k k Hk
As in the previous section, for a p.i.p. P, let us define the function M:
2 Ž .X “ L v bym
w x w x'M ¤ s P ¤ , ¤
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w xŽ . Ž .w x'in the sense M ¤ x s P ¤ , ¤ x . Due to 3.2 , the Schwarz inequalityŽ .
w x w x w xP f , y F M f M g 3.4Ž .
< w xŽ . < w xŽ . w xŽ . Ž .is true in the sense P f , y x F M f x M g x x g v . It is simple to
check that M has the properties
< <w x w x w xM f ) 0 iff f / 0; M l f s l M f l g C andŽ .
w x w x w xM f q g F M f q M g 3.5Ž .
Ž .for every l g C and f , g g X. A mapping M satisfying 3.5 in a more
general situation was introduced by L. Kantorovich who called M the
Ž w x.generalized norm see 17 . Since the words ‘‘the generalized norm’’ can
Ž .confuse the reader, we will call a mapping M satisfying 3.5 the normaliz-
w xing mapping; cf. 6, 7 .
Ž .Proof of Lemma 2.2. Under the hypothesis of the lemma, I y A t d is
Ž .invertible for sufficiently small d ) 0. Indeed, condition 2.1 implies
2M I y A t d hŽ .Ž .X
s P I y A t d h , I y A t d rhŽ . Ž .Ž . Ž .X X
2w xs P h , h y 2d Re P A t h , h q d P A t h , A t hŽ . Ž . Ž .
w x w x w xG M h M h y 2d Q t M h h g D . 3.6Ž . Ž . Ž .Ž .Ž .
Since
w x w x w x w xM h s M h x , Q t M h s Q t M h xŽ . Ž . Ž . Ž .Ž . Ž .
Ž .are scalar-valued functions, relation 3.6 gives
2 y1w x w x w xM I y A t d h G M h 1 y 2 M h Q t M h d'Ž . Ž .Ž .Ž . Ž .X
w x y1 w x w xs M h 1 y M h Q t M h d q o dŽ . Ž . 4Ž .Ž
w xs 1 y Q t d q o d M h d x0 .Ž . Ž . Ž .Ž .
Ž Ž . .y1 Ž . Ž . ŽTaking into account that I y Q t d s I q Q t d q o d , with IB B X
Ž . .y A t d h s ¤ , we have the relation
y1 w xM I y A t d ¤ F I q Q t d s o d M ¤ d x0, ¤ g X .Ž . Ž . Ž . Ž .Ž . Ž .X B
Ž .The solution existence and estimate 2.10 are now due to Theorem 3.1
w xfrom 6 .
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4. ABSTRACT INTEGRO-PARABOLIC EQUATIONS
Consider in X the problem
›
u t , x s A t , x u t , x q K t , x , x u t , x dm x ,Ž . Ž . Ž . Ž . Ž . Ž .H0 1 1 1› t v
u 0, x s u x u g D , t ) 0, x g v , 4.1Ž . Ž . Ž . Ž .0 0
Ž . Ž .where A t, x for all t G 0, x g v is a closed linear operator in H x ,0
Ž .and K t, x, x is a function defined on R = v = v whose values are1 q
Ž . Ž .bounded linear operators from H x into H x . We will assume that1
Ž . Ž . Ž .there are scalar-valued functions Q t, x , Q t, x, x x, x g v ; t G 0 ,0 1 1 1
bounded for finite t, such that the relations
5 5 2Re A t , x w , w F Q t , x wŽ . Ž .Ž . H Ž x .Ž Ž .H x0 0
t G 0, w g D A t , x , x g v 4.2Ž . Ž .Ž .Ž . .
and
K t , x , x F Q t , x , x t G 0, x , x g v 4.3Ž . Ž . Ž . Ž .Ž . Ž .H x “H x1 1 1 11
Ž .hold. Then, clearly, 2.1 is satisfied with
Q t h x s Q t , x h xŽ . Ž . Ž . Ž .Ž . 0
q Q t , x , x h x dm x h g L2 v . 4.4Ž . Ž . Ž . Ž . Ž .Ž .H 1 1 1 1 m
v
Ž . 2 Ž .It is assumed that operator Q t is bounded in L v for all finite t. Belowm
Ž . Ž Ž . .Ž . Ž . Ž . Ž .operator A t, . means A t, . h x s A t, x h x for h x g0 0 0
Ž Ž ..D A t, x .0
Ž . Ž .Since 4.1 can be written in the form 1.2 , we have due to Lemma 2.2
the following result.
Ž . Ž . Ž .THEOREM 4.1. Under condition 4.2 , 4.3 , let operator A t, . be m-0
Ž .dissipati¤e in X for each t G 0. In addition, let A t, . ha¤e a dense constant0
Ž .domain D and be differentiable in t on D. Then for any u g D, problem 4.10
Ž . Ž . Ž .has a unique solution u t, x satisfying the inequality 2.10 , where z t, x is a
Ž . Ž . Ž . Ž .solution of problem 2.8 , 2.9 with Q t defined by 4.4 and the initial
Ž . 5 Ž .5function z x s u x .H Ž x .0 0
Ž .COROLLARY 4.2. Under the hypothesis of Theorem 4.1, let Q t, x s0
Ž . Ž . Ž .Q x , Q t, x, x s Q x, x not depend on t and let operator Q defined by0 1 1 1 1
Ž . Ž .4.4 be a Hurwitz one. Then 4.1 is exponentially stable.
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5. STABILITY OF INTEGRAL OPERATORS
Let B and C be linear bounded operators in X. Then
y1y1 y1 y1zI y B y C s zI y B I q C zI y BŽ . Ž . Ž .Ž .
for any z regular for B and B q C. Hence, we easily get
Ž .y1LEMMA 5.1. Let the spectral radius of the operator C zI y B be less
than one:
y1r C zI y B - 1.Ž .Ž .s
Then z is a regular point of B q C.
2Ž .Let us consider in H s L v the operator defined by
Qh x s Q x h x q Q x , s h s ds x g v , 5.1Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .H0 1
v
Ž . Ž .where Q x is a negati¤e bounded function and Q x, s is integrable on0 1
2Ž .the v = v function such that operator Q is bounded in L v .
Ž .LEMMA 5.2. The spectrum of operator Q defined by 5.1 lies in the set
y1
l g C : d l ’ sup Q x y l Q x , s ds ) 1 .Ž . Ž . Ž .Ž .H 0 1½ 5
vxgv
Ž w x. Ž .Proof. Due to the well-known result cf. 13, Theorem 16.2 , d l is a
y1 ˜Ž . Ž Ž . .bound for the spectral radius of the operator T l s Q x y Il K,0
˜ Ž .where K here and below denotes the integral operator in 5.1 with the
Ž . Ž .kernel Q ., . . So if d l - 1, then due to the previous lemma Q y l is1
invertible. This proves the required result.
Ž .LEMMA 5.3. Let Q x be negati¤e and0
Q x ) Q x , s ds x g v . 5.2Ž . Ž . Ž . Ž .H0 1
v
2Ž . Ž .Then operator Q defined in L v by 5.1 is Hurwitzian.
Proof. Since Q is negative, we have0
Q x y l G Q x l g C ,Ž . Ž . Ž .0 0 q
where C means the closed right half-plane. Henceq
y1 y1Q x y l F Q x l g C .Ž . Ž . Ž .Ž .0 0 q
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Ž .Due to 5.2
y1Q y l x Q x , s ds - 1.Ž . Ž . Ž .H 0 1
v
But thanks to the previous lemma any l g C is regular.q
m Ž . Ž .Now let v be a bounded set in R . For x s x , s s s g v putk k
Q x , s s Q x , s if x - s k s 1, . . . , m andŽ . Ž . Ž .up 1 k k
Q s 0 for other x , s,up
and define the operator
y1 2T¤ x s Q x Q x , s y Q x , s ¤ s ds ¤ g L v .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H 0 1 up
v
y1Ž . Ž .LEMMA 5.4. Let Q x Q x, s be the Hilbert]Schmidt kernel,0 up
1r2
2y1N ’ Q x Q x , s ds dx - ‘ 5.3Ž . Ž . Ž .H Hup 0 up
v v
and let
2' 5 52 T exp N - 1. 5.4Ž .H up
Ž .Then operator Q defined by 5.1 is Hurwitzian.
Proof. Define the Volterra operator V byup
V ¤ x s Q x , s ¤ s ds.Ž . Ž . Ž .Ž . Hup up
v
Then Q s Q q V q W, where W is the integral operator with the0 up
kernel Q y Q . We can write1 up
Q y l s Q q V q W y l s Q y l 1 q B l q B l ,Ž . Ž . Ž .Ž .0 up 0 up low
where
y1 y1B l s Q y l V , B l s Q y l W .Ž . Ž . Ž . Ž .up 0 up low 0
Ž .Hence, it follows that Q y l l g C is invertible ifq
y1
I q B l q B l s I q B l I q B l I q B lŽ . Ž . Ž . Ž . Ž .Ž . Ž .ž /up low low up up
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is invertible. So the condition
y1
B l I q B l - 1 5.5Ž . Ž . Ž .Ž .low up H
Ž .supplies the invertibility, since B l is a Volterra operator. Moreover,up
Ž . w xdue to the inequality 4.13 from 5, Chap. 3, p. 106 ,
y1 2'I q B l F 2 exp N B l , 5.6Ž . Ž . Ž .Ž . Ž .up upH
Ž Ž .. Ž .where N B l is the Hilbert]Schmidt norm of B l . Butup up
Q x y l G Q x l g C ,Ž . Ž . Ž .0 0 q
since Q is negative. Hence0
5 5N B l F N , B l F T .Ž . Ž .Ž . Hup up low H
Ž . Ž .Now inequality 5.4 provides inequality 5.5 for l g C . This proves theq
required result.
Consider for instance the problem
› › u t , x , yŽ . 1
u t , x , y s F t , x , y q K t , x , y , s u t , s, y ds,Ž . Ž . Ž . Ž .Ht › y › y 0
5.7Ž .
w xu t , x , 0 s u t , x , l s 0 t ) 0, 0 - y - l , x g 0, 1 , 5.8Ž . Ž . Ž .Ž .
Ž . w .where F x, y, t is a scalar-valued continuous function defined on 0, ‘ =
w x w x Ž .0, 1 = 0, l with property 2.4 . In addition, K is a scalar-valued function
w . w x2 w x Ž .defined on 0, ‘ = 0, 1 = 0, l with property 2.5 . Consider problem
Ž . Ž . 2Žw x w x.5.7 , 5.8 in space X s L 0, 1 = 0, l with the partial inner product
w x Ž . Ž . Ž . Ž .P ., . defined by 3.3 . In addition, define A t by 2.2 . So 2.1 holds with
Ž . Ž .the constant operator Q defined by 2.7 . In the case 2.7 we have
2 1r2l 1 1 2y1N s m x Q x , s ds dx andŽ . Ž .H Hup 12p 0 x
2 1r2xl 1 2y125 5T F N s m x Q x , s ds dx .Ž . Ž .L w0, 1x H Hlow 12p 0 0
Now Corollary 4.2 and Lemmas 5.3 and 5.4 imply
Ž . Ž .LEMMA 5.5. Under conditions 2.4 , 2.5 , let one of the conditions
12 w xm x prl ) Q x , s dx x g 0, 1Ž . Ž . Ž . Ž .H 1
0
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or
2'2 N exp N - 1low up
Ž . Ž . 2Žw xbe fulfilled. Then problem 4.1 , 4.2 is exponentially stable in space L 0, 1
w x.= 0, l .
6. SYSTEMS OF INTEGRO-PARABOLIC EQUATIONS
Consider the problem
› › u t , x , yŽ .
u t , x , y s F t , x , yŽ . Ž .jt j› y › y
n
1
q K t , x , s, y u t , s, y ds 6.1Ž . Ž . Ž .Ý H jk k
0ks1
w x w xu t , x , 0 su t , x , l s0 t G 0; js1, . . . , n; y g 0, l , x g 0, 1 ,Ž . Ž . Ž .j j
6.2Ž .
Ž . w .where F t, x, y are scalar-valued continuous functions defined on 0, ‘j
w x w x= 0, 1 = 0, l with the properties
w x w xF x , y , t G m t ) 0 y g 0, l , x g 0, 1 , t G 0; j s 1, . . . , n .Ž . Ž . Ž .j j
6.3Ž .
Ž .Here m t are scalar-valued continuous functions. In addition, K arej jk
w . w x2 w xreal scalar-valued function defined on 0, ‘ = 0, 1 = 0, l .
w x w x Ž . Ž .Set V s 0, 1 = 0, l and consider problem 6.1 , 6.2 in the space
2Ž n.  4 Ž . 2Ž .X s L V, C . Put v s 1, 2, . . . , n , H k ’ L V , and
m z s k for k y 1 - z F k k s 1, . . . , n .Ž . Ž .
Ž .Then 1.1 takes the form
n
² : 2 n¤ , w s ¤ , w ,Ž . Ž . Ž . 2X L V , C s ¤ , wk k L ŽV .Ý
ks1
where ¤ , w are the coordinate functions of ¤ , w g X. Introduce thek k
Ž .operators A t, j by0
› › w x , yŽ .j
A t , j w x , y s F t , x , yŽ . Ž . Ž .Ž .0 j› y › y
1
q K t , x , s, y w t , s, y ds w g D ,Ž . Ž . Ž .H j j
0
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Ž .with D defined by 2.3 . In addition, define the operators
A t , j, k : H k “ H j j / k ; j, k s 1, . . . , nŽ . Ž . Ž . Ž .1
by
1 2A t , j, k w x , y s K t , x , s, y w s, y ds w g L V ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .H1 jk
0
6.4Ž .
Ž .and A t, j, j s 0. Put1
l 1 1y1L t s 2 sup K t , x , s, yŽ . Ž .ŽH H Hj j j
2 0 0 0Ž .wgL V
y1
2qK t , s, x , y w s, y w x , y ds dx dy w , w .Ž . Ž . Ž . Ž . Ž .. L Vj j
Ž .We have according to 2.6
Re A t , j w , w 2Ž .Ž . Ž .L v0
2
2F ym t prl q L t w , w w g D ,Ž . Ž . Ž . Ž . Ž .Ž .L Vž /j j
Ž .2 2 2since prl is the smallest eigenvalue of the operator y› wr› y defined
on D. Now Theorem 4.1 yields
Ž .  Ž .4 Ž . Ž .LEMMA 6.1. Under condition 6.3 , any solution u t, x, y of 6.1 , 6.2j
5 Ž .5 2 Ž . Ž .satisfies the inequality u t, x, y F z t , where z t is a solution ofL ŽV .j j j
the ordinary coupled system
n
z t s Q t z t , z 0 s u 0, x , y j s 1, . . . , n ,Ž . Ž . Ž . Ž . Ž . Ž .2Ýj jk k j j Ž .L V
ks1
6.5Ž .
where
2Q t ’ A t , j, k j / k 6.6Ž . Ž . Ž . Ž .Ž .L Vjk 1
and
2Q t ’ ym t prl q L t . 6.7Ž . Ž . Ž . Ž . Ž .j j j j
Ž .COROLLARY 6.2. Under condition 6.3 , let the ordinary differential system
Ž . Ž . Ž . Ž . Ž .6.5 with matrix Q t defined by 6.6 , 6.7 be exponentially stable. Then
Ž . Ž . Ž . 2Ž n.problem 6.1 , 6.2 is exponentially stable in space L V, C .
Ž .Let us assume that functions Q t are differentiable.jk
Recall some results connected with the ‘‘freezing’’ method for ordinary
differential equations. Let Q be a constant n = n-matrix with the eigen-
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Ž . Ž .values l Q k s 1, . . . , n counted with multiplicities. Introduce thek
quantity
1r2n
22g Q s N Q y l Q ,Ž . Ž . Ž .Ý kž /
ks1
Ž . Ž .where N Q is the Frobenius Hilbert]Schmidt norm of Q. If Q is a
Ž .normal matrix QQ* s Q*Q, then g Q s 0. The following relations are
12 2 2 2 2Ž . Ž . < < Ž . Ž . w xtrue: g Q F N Q y Tr Q and g Q F N Q* y Q 5, Sect. 1.1 .2
Ž . Ž .Consider system 6.5 assuming that Q t is an n = n-matrix satisfying
the conditions
¤ s sup g Q t - ‘ 6.8Ž . Ž .Ž .
tG0
and
< <nQ t y Q s F q t y s for t , s G 0, 6.9Ž . Ž . Ž .C 0
Ž . Žwhere q is a constant. Denote by z q , ¤ the extreme right-hand unique0 0
.positive and simple root of the algebraic equation
ny1 kk q 1 ¤Ž .
nq1 nyky1z s q z . 6.10Ž .Ý0 'k!ks0
w x Ž . Ž .Now we use the following result 8, Sect. 3.2 . Let conditions 6.8 and 6.9
Ž . Ž . nhold, and let the matrix Q t q z q , ¤ I be a Hurwitz one for all t G 0.0 C
Ž .Then system 6.5 is stable. Combining that result with Lemma 6.1, we
obtain
Ž . Ž .THEOREM 6.3. Let condition 6.3 be fulfilled. Let the matrix Q t
Ž . Ž . Ž . Ž . Ž .defined by 6.6 , 6.7 satisfy conditions 6.8 and 6.9 . Then Eq. 6.1 is
Ž . Ž . nstable pro¤ided that Q t q z q , ¤ I is a Hurwitz matrix for all t G 0.0 C
Put
ny1 k q 1
w s .Ýn 'k!ks0
Then the inequality is true,
1rn1y1r nw xz q , ¤ F ¤ q w if q w F ¤Ž .0 0 n 0 n
Ž w x.cf. 5, p. 213, 14, p. 277 . The latter inequality and Theorem 6.3 yield
Ž . Ž .COROLLARY 6.4. Let condition 6.3 be fulfilled. Let matrix Q t defined
Ž . Ž . Ž . Ž .by 6.6 , 6.7 satisfy conditions 6.8 and 6.9 . If , in addition, q w F ¤ ,0 n
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Ž . Ž .then problem 6.1 , 6.2 is stable pro¤ided that
1rn1y1r nw x nQ t q ¤ q w IŽ . 0 n C
is a Hurwitz matrix for all t G 0.
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